Abstract. We call a finite group Frobenius-like if it has a nontrivial nilpotent normal subgroup F possessing a nontrivial complement H such that OEF; h D F for all nonidentity elements h 2 H . We prove that any irreducible nontrivial FH -module for a Frobeniuslike group FH of odd order over an algebraically-closed field has an H -regular direct summand if either F is fixed-point free on V or F acts nontrivially on V and the characteristic of the field is coprime to the order of F . Some consequences of this result are also derived.
Introduction
Let F be a finite group acted on by a finite group H via automorphisms. This action is said to be Frobenius if C F .h/ D 1 for all nonidentity elements h 2 H . Accordingly the semidirect product FH is called a Frobenius group with kernel F and complement H whenever F and H are nontrivial. It is well known that Frobenius actions are coprime actions and the kernel F is nilpotent. In [3] a semidirect product with normal nilpotent subgroup F and complement H was called a Frobenius-like group with kernel F and complement H if the condition C F .h/ D 1 is replaced by OEF; h D F for all nonidentity elements h 2 H . Observe that H has the structure of a Frobenius complement and the orders of F and H are coprime since .FH /=F 0 is a Frobenius group and .F / D .F=F 0 /.
There has been a lot of research on the structure of solvable groups admitting a Frobenius group FH of automorphisms (see [2, [5] [6] [7] ). In particular under some additional hypothesis it was shown that various properties of G, for instance the nilpotent length of G, are close to those of C G .H /. We see that these results are essentially due to the fact that any FH -module V on which F acts fixed-point freely is a free H -module. In [3] we have been able to observe that not exactly the freeness, but a result close to this, is also true for Frobenius-like groups of odd order. For the sake of easy reference we restate below the main result in [3] .
Fact. Let V be a nonzero vector space over an algebraically-closed field k and let FH be a Frobenius-like group of odd order acting on V as a group of linear transformations such that char.k/ does not divide the order of H . Then V H has a proper H -regular direct summand if one of the following holds:
(ii) OEV; F ¤ 0 and char.k/ does not divide the order of F .
Actually, regular modules force the existence of large dimension and of fixed points and hence there is a wide range of possible applications. In the present paper we study the case where FH is Frobenius-like of odd order with an almost abelian kernel F , in the sense that F 0 is of prime order and is contained in Z.FH /. Note that this includes the important case where F is an extraspecial group of odd order and H acts on F via automorphisms such that OEZ.F /; H D 1 and OEF; h D F for all nonidentity elements h 2 H . We observe that these strong conditions together with the oddness of the group FH lead to strong results. Namely, we prove the following theorem using the above fact as a key ingredient:
Theorem A. Let G be a finite group admitting a Frobenius-like group of automorphisms FH of odd order such that F 0 is of prime order and OEF 0 ; H D 1. Assume further that .jGj; jH j/ D 1 and C G .F / D 1. Then: (ii) the nilpotent length of G is equal to the nilpotent length of C G .H /.
The following example shows that Theorem A is not true if we drop the condition that FH is of odd order:
Let G be the elementary abelian group of order 5 2 and F a Sylow 2-subgroup of SL.2; 5/. If H denotes the Sylow 3-subgroup of the normalizer of F in SL.2; 5/, then the group FH is isomorphic to SL.2; 3/ and is a Frobenius-like group of automorphisms of G where F 0 is of prime order and OEF 0 ; H D 1. Furthermore the orders of G and H are relatively prime and
So the nilpotent length of C G .H / is equal to 0 and is not equal to the nilpotent length of G.
As a consequence of Theorem A, we obtain the following:
Corollary B. Let G be a finite group admitting a Frobenius-like group of automorphisms FH of odd order such that F 0 is of prime order and OEF 0 ; H D 1. Assume further that .jGj; jH j/ D 1 and C G .F / D 1. Then we have:
(ii) the -length of G is equal to the -length of C G .H /, If a group A acts on a group B via automorphisms, then the subgroup consisting of elements acting trivially on B is denoted by C A .B/ as well as by Ker.A on B/. Throughout the paper we prefer the notation Ker.A on B/ in order to avoid cumbersome expressions. The following proposition is established as a key result in proving Theorem A. We consider it to be of independent interest and would like to emphasize that it does not assume FH to be of odd order.
Proposition C. Let FH be a Frobenius-like group such that F 0 is of prime order and OEF 0 ; H D 1. Suppose that FH acts on a q-group Q for some prime q coprime to the order of H . Let V be a kQFH -module where k is a field with characteristic not dividing jQH j. Suppose further that F acts fixed-point freely on the semidirect product VQ. Then we have
In this paper all groups are assumed to be finite. We denote the nilpotent length of a solvable group G by f .G/. It is the smallest nonnegative integer k such that the k-th Fitting subgroup F k .G/ is equal to G.
Proof of Proposition C
It is well known that if a finite nilpotent group F acts fixed-point freely on a finite group G, then G is solvable by [1] and F is a Carter subgroup of the semidirect product GF . Let N be a normal subgroup of G which is F -invariant and set G D G=N . Then F is a Carter subgroup of the semidirect product GF and hence F acts fixed-point freely on G also. We shall use this observation in the following parts of the paper without any reference.
Proof of Proposition C. Suppose the proposition is false and choose a counterexample with minimum dim k V C jQFH j. We split the proof into a sequence of steps. To simplify the notation we set
(1) We may assume that k is a splitting field for all subgroups of QFH . We consider the QFH -module
Therefore, once the proposition has been proven for the group QFH on N V , it becomes true for QFH on V also.
(2) Q acts faithfully on V . We set Q D Q=Ker.Q on V / and consider the action of the group QFH on V assuming Ker.Q on V / ¤ 1. Notice that C Q .F / is trivial by the above remark. An induction argument gives
This leads to a contradiction as C Q .H / D C Q .H / due to the coprime action of H on Q. Thus we may assume that Q acts faithfully on V .
It should be noted that we need only to prove K D 1 due to the faithful action of Q on V . So we assume this to be false.
This leads to a contradiction since z 2 Ker.
(4) V is an irreducible QFH -module. As char.k/ is coprime to the order of Q and K ¤ 1, there is a QFH -composition factor W of V on which K acts nontrivially. If W ¤ V , then the proposition is true for the group QFH on W by induction. That is
which contradicts the assumption that K acts nontrivially on W . Hence V D W , establishing the claim.
By Clifford's theorem, the restriction of the QFH -module V to the normal subgroup Q is a direct sum of Q-homogeneous components.
(5) Let denote the set of Q-homogeneous components of V . Then F acts transitively on and H fixes an element of . 
By definition, K acts trivially on C X .H /. Note also that K normalizes each W h as K Ä Q. It follows now that K is trivial on X. Notice that the action of H on the set of F -orbits on is transitive, and K Ä C Q .H /. Hence K is trivial on the whole of V contrary to (2) . Thus H 1 ¤ 1.
The group H acts transitively on the set ¹ i W i D 1; 2; : : : ; sº, the collection of F -orbits on . Let now V i D L
In particular, we have Ker.
On the other hand we observe that From now on, W will denote an H -invariant element in the existence of which is established by (5) . It should be noted that the group Z.Q=C Q .W // acts by scalars on the homogeneous Q-module W , and so OEZ. 
On the other hand the index of F 1 in F is p implying that F 1 E F and F 0 Ä F 1 which is a contradiction. So F ¤ F 2 .
Pick an element x 2 F F 2 and suppose that there exists 1 ¤ h 2 H such that .U x / h D U x holds. Then we get OEh; x 1 2 F 2 and so F 2 x D F 2 x h D .F 2 x/ h implying the existence of an element g 2 F 2 x \ C F .h/ by [4, Kapitel I, 18.6] by coprimeness. The Frobenius action of H on F=F 2 gives that x 2 F 2 , a contradiction. That is, for each
by the preceding paragraph. It is straightforward to verify that
By definition, K acts trivially on C Y .H /. Note also that K normalizes each U 1 h for every h 2 H as K Ä Q. It follows now that K is trivial on Y and hence trivial on U x for every x 2 F F 2 which is equivalent to that K x acts trivially on U for all x 2 F F 2 as desired.
We also have p D jF 2 W F 1 j and hence F 2 D F 0 F 1 . In particular, we have either (6) . Then we have
and hence Q is abelian.
(9) Final Contradiction. By (8), the subgroup Q is abelian and hence acts by scalars on the homogeneous Q-module W . Recall that
As Q is abelian, it follows that Q f 2F z f is a well-defined element of Q which lies in C Q .F / D 1. Thus, by (7), we have
On the other hand the scalar action of Q on W gives that OEQ;
W / and so z 2 C Q .W / as jF 1 j is coprime to jzj. This contradiction shows that
We observe now that
On the other hand observe that the group F 1 is H -invariant and the group F 1 H is Frobenius with kernel F 1 since we have C F 1 .h/ Ä F 0 \F 1 D 1 for all nonidentity elements h 2 H . Applying [6, Lemma 1.3] to the action of F 1 H on W , we see that W j H is free. Since Q, and hence K, acts by scalars on W , and K acts trivially on the nontrivial subspace C W .H /, we see that K acts trivially on W . On the other hand, K D L as Q is abelian, and so Q D K F 1 C Q .U /. It follows now that Q itself is also trivial on W . Then Q acts trivially on W a i for each i D 0; : : : ; p 1 and hence so does on U . We already know from (7) that the group K acts trivially on U x for every element x 2 F F 2 . Consequently we obtain K Ä C Q .V / D 1, and the proposition follows.
We give an example which shows that the above proposition is not true if one drops the condition that the group F act fixed-point freely on VQ or replaces it by the condition C Q .F / D 1. In contrast to [2] one cannot even weaken the condition C VQ .F / D 1 to the condition C C VQ .F / .h/ D 1 for all nonidentity elements h 2 H .
Example. Let V 1 be the cyclic group of order 43 and let Q 1 and H be the subgroups of the full automorphism group of V 1 , which is cyclic of order 42, of orders 7 and 3 respectively. We consider the semidirect product V 1 .Q 1 H / which is a Frobenius group of order 43 21 with kernel V 1 and complement Q 1 H . Let F be the extraspecial group of order 5 3 and exponent 5. The group F admits an automorphism of order 3 which centralizes Z.F / and which acts regularly and irreducibly on F=Z.F /. We may assume that this automorphism generates H . The semidirect product FH is then a Frobenius-like group which is not Frobenius.
Let us consider the wreath product .
.V 1 Q 1 / (jF j-copies) and F acts on B by conjugation as follows: for any x 2 F and any .a f / f 2F 2 B we have
for any f 2 F . We next define an action of H on BF , using the action of H on V 1 Q 1 and on F , as follows: for x 2 F , .a f / f 2F 2 B and h 2 H we have
(according to the action of H on V 1 Q 1 / for any f 2 F and y D x h (according to the action of H on F ).
We now set
On the other hand .a f / f 2F 2 V is centralized by every nonidentity element h 2 H . That is
If f 2 F 0 , then we get a h f D a f , and hence a f D 1, as H acts fixed-point freely on V 1 . Thus
In particular OEC V .H /; K 0 D 1 and C C V .F / .h/ D 1 for any nonidentity element h 2 H . We also have
where T i , i D 1; 2; : : : ; 40, are the orbits of H on F F 0 .
Action of a Frobenius-like group with fixed-point free kernel 871 Now let Q D OEQ 0 ; F and consider the group VQFH . We have
It is also easy to check that K 0 \ Q is not contained in the Fitting subgroup of VQ but is contained in the Fitting subgroup of C VQ .H /.
Main result
In this section we present our main result.
Lemma 3.1. Suppose that a Frobenius-like group FH acts on the finite group G by automorphisms so that C G .F / D 1. Then there is a unique FH -invariant Sylow p-subgroup of G for each prime p dividing the order of G.
Proof. The proof of [7, Lemma 2.6 ] applies also to this statement.
Proof of Theorem A. We already know that G is solvable due to the nilpotency of F and the assumption C G .F / D 1 by [1] .
First we will prove that the equality F .
H / is true under the hypothesis of the theorem. It is straightforward to verify that
To prove the reversed inclusion F .C G .H // Ä F .G/ we proceed by induction on the order of G. Now consider the nontrivial group G D G=F .G/. By the remark above C G .F / is trivial. Then an induction argument yields that Bibliography
